1. Introduction. The following proposition, due to Ahlfors [7] , gives an extension of the classical Schwarz lemma. Iff: Da-* M is a holomorphic mapping then
A_ B
If A < B the mapping is distance decreasing. In general we shall say that the mapping is distance (or volume) decreasing up to a constant.
Chern extended the lemma to holomorphic mappings between complex mamfolds of higher dimension. The lemma was further extended, in the form of distance and volume decreasing theorems, by S. Kobayashi [7] and, more recently, by S. T. Yau [10] . Real analogues and generalizations of the lemma (as well as Liouville's and Picard's first theorem) have recently been obtained for harmonic mappings [2] , quasiconformal mappings [5] , and for mappings of bounded dilatation [4] .
In all extensions of the Schwarz-Ahlfors lemma there is a variation of generality depending on the conditions imposed on the domain. The most general domain considered so far is that of Yau's [10] , which is a complete Riemannian manifold with Ricci curvature bounded from below. The target space has been, almost invariably, assumed to be hyperbolic. In a recent paper [9] the author extended Picard's first theorem to mappings with target space not necessarily hyperbolic. In the present work, taking advantage of a Yau's condition, the Schwarz-Ahlfors lemma is extended, in the form of distance and volume decreasing theorems, to mappings with target space not necessarily hyperbolic. The target space is even allowed to have some nonnegative sectional curvatures. The main results: Theorem 1. Let M be an m-dimensional complete Riemannian manifold with Ricci curvature bounded below, and let N be an n-dimensional Riemannian manifold with scalar curvature bounded from above by a fixed negative number -C. If the sectional curvatures of N are bounded from above by a fixed number smaller than C/m(m -l)(K4 -1) and f: M -» N is a harmonic K-quasiconformal mapping then (i) if n = m the mapping is volume decreasing, (ii) if n < m the mapping is distance decreasing (up to a constant).
Corollary
1. Let M be a 2m-dimensional complete quasi-Kaehlerian manifold with Ricci curvature bounded below and let N be a 2n-dimensional quasi-Kaehlerian manifold with curvature conditions as in the theorem. If f: M -» N is an almost complex K-quasiconformal mapping then for m = n the mapping is volume decreasing, for n < m the mapping is distance decreasing.
If in [10] we have B = 0, we get ||/J|2 = 0, which proves the following Picard type theorem: Corollary 2. Let M be an m-dimensional complete Riemannian manifold with nonnegative Ricci curvature and let N be as in the theorem. Then if f: M -» A/ is a K-quasiconformal harmonic mapping it is reduced to a constant.
In the following example we can see that the condition that the scalar curvature must be bounded away from zero cannot be dropped. Example 1. Let M = C with the flat metric and N = C with the conformai metric ds2 = (1 + \z\2) dz dz.
The curvature of N is strictly negative everywhere, but not bounded away from zero. The identity mapping is trivially conformai but not distance decreasing.
2. The Chern-Lu formula. Let M and N be C °° oriented Riemannian manifolds of dimension m and n respectively, and let /: M -» N be a harmonic mapping. If the line elements are given by ds^ = 27-1",2 and ds^ = 2â_i«*2 for M and N respectively, and we set ||/J| = f*dsN/dsM and/"w* = 27-1^,"«,, where/* is the pull-back mapping, the real analogue of Chern-Lu formula is given by [9] . for 1 < p < q < k.
The following inequality, which follows directly from the definition of a Ä-quasiconformal mapping, will be used in the next section (3) ll/JI2 < "Ä-2p,.|| • II4H
for any i,j for which \\A¡\\, \\Aj\\ =£ 0.
4. Proof of the main theorem. For the proof of Theorem 1 we need the following proposition due to S. T. Yau [10] . "<?-H9~\H"\ and IMiH, II4II are tne max and min respectively of \\A,\\ for i = 1, 2, can be assumed without loss of generality), we obtain from (4) , n (thiŝ KtcdAfAfAfAf < (2^)ll4ll4-(2l#;i)ll4,ll4 (5) (2^1 A Mi 1141 2i*;i 1141
Assuming that the mapping is AT-quasiconformal (i.e. 11411/114II < K) that 77/ < 77 and that 2 77/ -2|77""| < -C, we obtain from (5) (6) 2 R^AfAfAfAf < 2{(m(m -1)(K* -1))77 -C) \\An\\\
If (as it is assumed in the theorem) we take 77 < C/m(m -l)(K4 -1) (6) becomes 2 f&jAfAfAfAf < -2A\\An\\4 where A = C -m(m -l)(K4 -1).
Finally, from (3) we obtain (7) 2 R^ArAfAfAf < -2A \\fJ4/n2K\
Now, we take into account the assumption that the Ricci curvatures of M are bounded below by a constant -B. Hence (8) 2^4W>-*H/X License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Reminding, finally, that/is harmonic, we have from (5), (7) 
